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0. Introduction. 

The problem of determining the dimensions of the higher secant varieties of the classically studied projective 
varieties (and to describe the defective ones) is a problem with a long and interesting history. 

In the case of the Segre varieties there is much interest in this question, and not only among geometers. In 
fact, this particular problem is strongly connected to questions in representation theory, coding theory, algebraic 
complexity theory (see our paper [CCG2] for some recent results as well as a summary of known results, and 
also [BCS]) and, surprisingly enough, also in algebraic statistics (e.g. see [GHKM] and [GSS]). 

We address a slight generalization of this problem here; more precisely we will study the higher secant 
varieties of 

X P"i X ... X P"' = P", n = (ni, Tit) 

embedded in the projective space P^ {N = n("'^"') — 1) by the morphism i^n^a given by C'p»i(a), where a = 
(ai, ...,at) (ci positive integers). We denote the embedded variety fn,a(X) by Vii^a, and call it a Segre-Veronese 
variety and the embedding a Segre-Veronese embedding (see [BuM]). 

In Section 1 we recall some classical results by Terracini regarding secant varieties and we also introduce 
one of the fundamental observations (Theorem 1.1) which allows us to convert certain questions about ideals of 
varieties in multiprojective space to questions about ideals in standard polynomial rings. 

In Section 2 we concentrate on t = 2, 3 and let a be arbitrary. In Theorem 2.1 we give the dimensions of all 
the higher secant varieties for Vn^a. (where n = (1, 1), and a is arbitrary). For n = (fc, n), a = (1, A: + 1) we find 
that Vn,a has no deficient higher secant varieties (Proposition 2.3) and this gives an interesting conclusion about 
the Grassmann defectivity for the (fc + l)-Veronese embedding of P" (fc > 2, n> 2). We also state our theorem 
(the proof will appear elsewhere) which gives the dimensions of all the higher secant varieties to V(i.i,i),(a,f),c) for 
any positive integers a, h and c {Theorem 2.5). 

Section 3 is dedicated to results on regularity of secant varieties of Segre Veronese varieties which can be 
deduced from results for the Segre varieties and by studying the multigraded Hilbert function of a scheme of 2-fat 
points in P". Also we give several examples of defective and Grassmann defective Segre-Veronese varieties. 

Finally, in Section 4 we describe a way of thinking about the points of Segre-Veronese varieties as (partially 
symmetric) tensors. 

Our method is essentially this (see §1): we use Terracini's Lemma (as in [CGG2], [CGG4]) to translate the 
problem of determining the dimensions of higher secant varieties into that of calculating the value, at (ai, at), 
of the Hilbert function of generic sets of 2-fat points in P". Then we show, by passing to an afhne chart in P" 
and then homogenizing in order to pass to P", n — ni + ... + nt, that this last calculation amounts to computing 
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the Hilbert function of a very particular subscheme of P". Finally, we study the postulation of these special 

subschcmcs of P" . 

Wc wish to warmly thank Monica Ida, Luca Chiantini and Giro Ciliberto for many interesting conversations 
about the questions considered in this paper. 

1. Preliminaries, the Multiprojective-AfHne-Projective Method. 

Let us recall the notion of higher secant varieties. 

Definition 1: Let X C be a closed irreducible projective variety of dimension n. The s*'' higher secant 
variety of X, denoted X", is the closure of the union of all linear spaces spanned by s independent points of X. 
Recall that, for X as above, there is an inequality involving the dimension of X^. Namely, 

dimX^ < min{A/',sn + s- 1} (1) 

and one "expects" the inequality should, in general, be an equality. 

When X^ does not have the expected dimension, X is said to be (s — l)-defective, and the positive integer 

Ss-i{X) := mm{N,sn + s - 1} - dimX* 

is called the (s — l)-defect of X. Probably the most well known defective variety is the Veronese surface, X in P^ 
for which 6i{X) = 1. 

As a generalization of the higher secant varieties of a variety, one can also consider the following varieties. 

Definition 2: Let X C P^ be a closed irreducible projective variety of dimension n. The (k,s-l)-Grassmann 
secant variety, denoted Seck,s-i{X), is the Zariski closure (in the Grassmaniann of fc-dimensional linear subspaces 
of P^) of the set 

{/ e G(fc, N) I I lies in the span of s independent points of X}. 

In case A; = we get X* = Seco^s-i{X). 

As a generalization of the analogous result for the higher secant varieties, one always has 

dimS'eCfe,s-i(-'^) < niin{sn+ (A; + l)(s -k-1), {k + l){N - k)}, 

with equality being what is generally "expected" . 

When Seck.s-i{X) does not have the expected dimension then we say that X is {k,s — l)-defective and in 
this case we define the {k, s — l)-defect of X as the number: 

5k,s-i{X) = mm{sn + {k + l){s - k - l),{k + 1){N - k)} - dimSeck,s-i{X). 

(For general information on these defectivities see [ChCo] and [DF].) 

In this note wc study the defectivities of 14,. a- For convenience, and when no doubts can arise about the 

variety we arc considering, we will just write V for Villa- 
in his paper [Te2] , Terracini gives a link between these two kinds of defectivity for a variety X as above (see 

[DF] for a modern proof): 
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Proposition 1.0: (Terracini) Let X c be an irreducible non- degenerate projective variety of dimension n. 

Let a : X X ^ p(fe+i)(Af+i)-i ^/jg (y^gual) Segre embedding. Then X is (fc, s - l)-defective with defect 
6k,s-i{X) = 5 if and only if (j{X x P'') is (s - l)-defective with (s - l)-defect 5a-i{X x P*") = 5. 

A classical result about higher secant varieties is Terracini's Lemma (see [Te], [CGG2]): 
Terracini's Lemma: Let {X, C) be a polarized, integral, non-singular scheme; if C embeds X into P^ , then: 

Tp{X') =<Tp,{X),...,Tp^{X)>, 

where Pi, Pg are s generic points on X, and P is a generic point of < Pi, Ps > (the linear span of Pi, . . . , Pg); 
here Tp.{X) is the projectivized tangent space of X in P^. □ 

Let Z C X he 'A scheme of s generic 2- fat points, that is a scheme defined by the ideal sheaf Tz = Xp^ n ... fl 
Tp C Ox, where Pi, ...,Ps are s generic points. Since there is a bijection between hyperplanes of the space P''^ 
containing the subspace < Tp^{X), ...,Tp^{X) > and the elements of H°{X,Iz{^)), we have: 

Corollary : Let X, C, Z , be as above; then 

dimX' = dim < Tp,{X), ...,Tp^{X) >= N - dimH°{X,Iz{C)). 



Let X = X ... X P"* and let Vn,^ = V C P^ be the embedding of X given by £ = Ox(ai, at). By applying 
the corollary above to our case (i.e. V — Vn.a), we get 

dimV = H{Z, a)- 1, (2) 

where Z c P"^ x ... x P"* is a set of s generic 2-fat points, and where Vj e N*, H{Z,j) is the Hilbert function of 
Z i.e. 

H{Z,i) = dimPj - dimiJ°(P"^ x ... x P"*,Xz(j)), 

where R = k[xo,i, ...,Xm,i, ■■■ ,xo,t, ■■■,Xnt,t\ is the multi-graded homogeneous coordinate ring of P"^ x ... x P"*. 
Now let n = ni + ... + rit and consider the birational map 

5 : P"i X ... X P"* > A", 

where: 

,Xi^l X2.1 XniA 2^1,2 a;„2,2 Xi^t Xnt^t. 



{{xo,l, ...,Xni,l), (XQ^t, ■■■,Xnt,t)) < > ( 



a;o,i''^o,i' ' xo,i '2:0,2' ' 2:0,2 ' ' 2:o,f ' ' xo,t 



This map is defined in the open subset of P"^ x ... x P"' given by {xo, 1X0. 2. ..2:0.* 7^ 0}. 

Let S = k[zo, zi 1, z„i,i, Zi^2, Zn2,2, ■■■ j-^i,t:--- ^Zn-t,t] bc the coordinate ring of P" and consider the 
embedding A" — > P" whose image is the chart Aq = {2:0 = !}• By composing the two maps above we get: 

/ : P"i X ... X P"* > P", 

with 

((a;o,i, ...,Xni,i), (a;o,t, ...,Xnt,t)) ' — ' (1, , -; — ; , ) 

2;o,i 2:0,1 xo,2 2:0,2 2:o,t 2:o,f 
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= {xo,lXo^2---Xo,t, Xi^iXo,2---Xo,t, Xo,lXi^2---Xo,t, Xo,l.-.Xo^t-lXnt,t)- 

Let Z c P"^ X ... xP"* be a zero-dimensional scheme which is contained in the afhne chart {xo^iXo^2---Xo,t 0} 
and let Z' = f{Z). We want to construct a scheme W c P" such that dim(7v^)a = 6\m{Iz)(a^^...^at)i where 
a = ai + ... + at- 

Let us recall that the coordinate ring of P" is S* = k[zo, zi.i, z„j.i, Zi^2, Zn2,2, ■■■ ,zi^t,--- TZnt,t]i 
and let Qo,Qi,i, .■■,Qni,iiQi,2, ■■■,Qn2,2, ■■■,Qnt,t be the coordinate points of P". Consider the linear subspace 
jj. ^ prii-i (- pn^ ^ijgj-e Ui =< Qi,i, Q„,,i >. The defining ideal of Hi is: 

Let Wi be the subscheme of P" denoted by (a — ai)Ili, i.e. the scheme defined by the ideal in "*- Notice that 
Wi nWj=<D for i ^ j. 

Theorem 1.1: Let Z, Z' be as above and let W = Z' + Wi + ... + Wt CV"'. Then we have: 

dim{Iw)a = dim(/z)(ai,...,a,) 

where a = ai + ... + Uf 
Proof: First note that 

= (Krwi)(x[;-^^7V2)...(a;»;-'ivo) 

where every Ni varies among all monomials in {xi^i, . . . ,Xni,i)si, for all Si < ai. 

By dehomogenizing (via / above) and then substituting Zij for {xij/xoj), and finally homogenizing with 
respect to zq, we see that 

%i,...,aO ^ {z^-''--''M,M2 ... Mi) 
where every Mi varies among all monomials in {zi^i, . . . , Zni,i)si- 
Claim: 

{Iw^+...+wJa = {Iw^r\...nIw,)a = (^o"''""'""^1^2 • • • Mj) 

where every Mi varies among all monomials in {zi^i, . . . , z„.^i)s. , for all Si < ai. 

Proof of Claim: C: Since both vector spaces are generated by monomials, it 
is enough to show that the monomials of the left hand side of the equality are 
contained in the right hand side of the equality. 

Consider M = Zq~^^ **MiM2 ...Mt (as above). We now show that this 
monomial is in (for each i). Notice that Mj G I^, (for j ^ i) and that 

Since Si < ai we have a — ai < a — Si and so M G well, and that is what 

we wanted to show. 

3 : To prove this inclusion, consider an arbitrary monomial M G Sa- Such an 
M can be written M = Zq°Mi ■ ■ ■ Mt where Mj G (^i.i, ■ • ■ , Zm^i) is a monomial of 
degree a,. 



4 



Now, M e {Iwi+...+Wt)a means M G {Iwi)a for each i, hence 



ao + ai H "tdi^ h at > a - aj 

for i = 1, . . . , Since ao + ai + ■ ■ ■ + at = a, then a — aj > a — for each i, and 
so aj < tti for each i. That finishes the proof of the Claim. 

Now, since Z and Z' are isomorphic (/ is an isomorphism between the two affine charts {zq ^ gO} and 
{a;o,ia;o,2-"a;o,t 7^ 0}), it immediately follows (via the two different dehomogeneizations) that (-fz)(ai,...,at) — ij^w^a- 

□ 

When Z is given by s generic 2-fat points, we have the obvious corollary: 

Corollary 1.2: Let Z c P"i x ... x P"* be a generic set of s 2-fat points, let W be as in Theorem 1.1, then 
we have: 

dimy^ = H{Z, (ai, at)) - 1 = iV - dim(/H.)„. 

2. On Segre- Veronese with two or three factors. 

First we consider the case x P^, i.e. t = 2, m = n2 = 1, for all a = (ai, a2) S N^. We get that the 11, 's 
are points; let Ui = Ai = (0, 1, 0), 02 = A - 2 = (0, 0, 1), in P^, and let Z = 2Ri + ... + 2i?^ c P^ x P^ be a set 
of s generic 2-fat points. We may assume that i?, = ((1, a,), (1, so that / : P^ x P^ > P^ is such that: 

f{Ri) = Pi = {l,ai,(ii)eF\ 

and Ai,A2,Pi,...,Ps will be generic points of P^. Let 

W = a2Ai + aiA2 + 2Pi + ... + 2P, c 

be the scheme defined by the ideal sheaf Iw = n J^^^ n If.^ n . . . n 2|,^ . By Theorem 1 . 1 , the data of the Hilbert 
function of Z in bidegree (ai, 02) is equivalent to the data of the Hilbert function of W in degree (ai + 02), in 
fact, from {Iw)ai+a2 - (^z)(ai,a2)> wc easily get: 

H{W, (ai + 02)) = H{Z, (ai, 02)) + deg(a2Ai + 01^2) = H{Z, (ai, 02)) + (^"'^ 2^) + 

since 

dim{Iz)(ai,a2) = («i + 1)(«2 + 1) - H{Z, (ai, 02)) 
dim{Iw)(a,+a2))= j^"i+^2 + 2^ -ff(W,(ai,02)). 
Now let V = Fi,a = I'l.aCP^ X IP^) C P"i'^2+«i+«2 be the Segre- Veronese embedding; by Corollary 1.3 we get: 
dimV = H{Z, (01,02))-! 

= H{W,{ai+a2)) 




aia2 + ai+a2- dim{Iw){ai+a2) 

ai + 1^ 
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02 + 1 



Hence, in order to compute dimy*, we should study a scheme of generic fat points in P^; without loss of 
genericity, we may suppose ai > 02. 

Theorem 2.1: Let V = Vi,a = 2^1,3(1"^ x P^)? then has the expected dimension, except for 

tti = 2d, 02 = 2, d> 1, and s = 02 + 1 (f) 

In this case is defective, and dim = 3s — 2 ( its defectivness is 1 ). 

This theorem could be proved by methods similar to those used in [CGG3], [CGG4], but we omit the 
lenghty and tedious proof here. Notice that in [ChCi] a total classification of all the surfaces with sonic defective 
secant variety can be found and in [La] the case of rational scroll is treated, which covers also the x P^ case. 
We wish to thank Monica Ida for showing us a direct proof of Theorem 2.1 ([Id]) which uses the "differential 
Horace" method. 

Theorem 2.1 yields (by interpreting things via Theorem 1.1) that for fat points in P^, we have: 
Remark 2.2: Let ai, 02, s be positive integers, with ai > 02. Let W = 02^1 + 01^2 + 2Pi + ... + 2Ps C P^. Then 

HiW, a. + a2) = m^n{ +1^ + '), ('^^ + + + + 3.}, (*) 

except when ai = 2d, 02 = 2 and s = 2d+l; in this case H{W, 01+02) is 1 less than expected. 

Notice that in the exceptional case it is easy to check what is the geometrical situation: there is an unique 
(rational) curve C through dAi + A2 + Pi + ... + P2d+i, and 2C gives an "unexpected element" of {Iw)2d+2- 

Now let us consider another case; namely the products P'" x P'^; we have the following: 

Proposition 2.3: Let r,k > 1, and V C P^ be the {k + 1, 1) Segre- Veronese embedding of W x P*^. Then for 
any s >1, has the expected dimension. 

Proof: Notice that, since N = ('^^|^^^)(fc + 1) — 1, for s = {^\^^ we get that the expected dimension of V is 
exactly N , hence the statement will follow if we prove that !/(<=)= P^. 

Consider the scheme W = Hi + (fc + l)n2 + 2Pi + ... + 2Ps c P''+'=, where Hi ^ P''-^ and n2 = P^"^ are 
linear spaces and s = C^^*^); then, by Corollary 1.2, we get that 

dimV = N - h°{F'^+'',Iw{k + 2)). 

From what we have seen before, we will be done if dim{Iw)k+2 = 0. 
We will proceed by double induction on k and r. 

Let us consider the case k = 1 (any r) first. When k = 1, W is the schematic union: W = Ili + 2II2 + 2Pi + 
... + 2Ps C P''+^; where 11.2 is a point. It is enough, in order to prove the case fc = 1, to show that (1^1^)3 — {0} 
(here s = r + 1). 

Let us work by induction on r; for r = 1 we trivially have h^i^'^ ,Iw{3)) = (since W is made of three 2-fat 
points and one simple point). When r > 1, consider the exact sequence: 

^ Iw'{2) Jvy(3) ^ TwnH,H{'^) ^ 
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where H c P''+^ is the hyperplane H =< Pi, ...,Pr+i > and W = + 21^2 + Pi + ... + Pr+i- We get 

h^{H,TwnH,H{^)) = by induction, and /i"(P'"+^,l'vF'(2)) = since any of its element should give a quadric 
cone with vertex in 112, but, since Hi = P*"^^, the cone should split into the hyperplane < 111,112 >, and another 
hyperplane containing 112, Pi, Pr+i, which is impossible by their genericity. 
Hence the case fc = 1 is done. 

Now let us consider the case r = 1; here we have P^ xP'' -» P^, and W = ni + (fc+l)n2 + 2Pi + ... + 2Pfc+i C 
p'=+i^ where Hi is a point and we must show that {Iw)k+2 = {0}. 

The hyperplanes Hi =< Pi, 112 >, i = 1, k, are fixed components for the hypersurfaces given by the forms 
in {Iw)k+2, hence (by removing such fixed components), we get 

dim{Iw)k+2 = dim(7ni+Pi+...+Pfc+i)i = 0. 

So case r = 1 is done. 

Now we can consider r,k >2 and work by double induction on them. 

Let H C P''+'' be a hyperplane such that II2 C H and Ei is not contained in H. Let Il[ = H CiUi = P''"^. 
Specialize Pi, ...,Ps', s' = C^^^"^) on H and consider the exact sequence: 

^ Iz{k + 1) ^ Iwik + 2) ^ IwnH,H{k + 2) ^ 0, 

where Z = Hi + fcn2 + Pi + ... + P,' + 2P,,+i + ... + 2P, C &ndWnH = n; + (fc + 1)02 + 2Pi + ... + 2P,,\h. 

We have hP{Iwr\H,H{k + 2)) = by induction on r; so we will be done if hP{Iz{k + 1)) = 0, since the above 
sequence would yield hP{Iw{k + 2)) = 0. 

Let us consider now a hyperplane H' C P''+'= with Hi C H' and 112 not contained in H'\ let 112 = il' fl 112 = 
P*^~^, then specialize P^'+i, ■■■,Ps on H' and consider the exact sequence: 

^ Jz'(fc) ^ Iz{k + 1) ^ TznH',H' (fc + 1) ^ 0, 

where Z' = kli2 + Pi + ... + P^ C and Z r\ H' = lii + kU'^ + 2P,,+i + ... + 2Ps\h'- Notice that s - s' = 

Ct'') - C"!^'') = Ct-T^)' so t^at h°{IznH',H'{k + 1)) = by induction on r and fc. 

So we are only left to prove h^{lz'{k)) = 0. The sections of Xz'(fc) correspond to degree fc hypersurfaces in 
P'"+'= which, in order to contain fcn2 have to be cones with 112 as vertex. Let H" = P*" be a generic r-dimensional 
linear subspace of P''+'=; then h'^{Xz'{k)) = h'^{Tz" ,H"{k)), where Z" C H" is the projection of Z' into H" from 
112. We have Z" =^ Qi + ... + Qgi + Qs'+i + ... + Qs, where Qs'+ii •••,Qs are generic in iJ", while Qi, ...,Qs' 
are contained in the linear space H D H" = P*""! (where they are generic). A hypersurface F of degree fc in H" 
cannot contain Qi, Qs' without containing all H (1 H" {F intersects H D H" in something of degree fc, but 
the Qi, i = 1, s' = are generic in if n H", so they are not contained in a hypersurface of degree fc of 

P'"~i = H (1 H"). So, if F vanishes on Qi, Qg, we have that F is the union of n H" and a hypersurface F' 
of degree fc — 1 vanishing on Q^'+i, ■■■,Qs, but again this cannot happen because they arc generic points 

in P'', so no form of degree fc — 1 vanishes at them. Thus h^{Iz" ,H"{k)) = and we are done. 

□ 

From this result we get immediately the following: 
Corollary 2.4: Let r,k >2, and V be the (k+l)-ple (Veronese) embedding ofW. Then V is not (Grassman) 
(fc, s — l)-defective, for any s. 
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Proof: By Proposition 1.0, this statement is equivalent to Proposition 2.3. 

□ 

In the case t = 3, i.e. x x = (P^)^, the situation for all Segre- Veronese embeddings can be analyzed 
with the same methods used above; if we consider the embedding of (P""^)^ given by the forms of tridegree 
a = {ai,a2, as), in order to compute the dimension of we will have to study (by Theorem 1.1) the scheme of 
fat points 

Ws = (az + 03)^1 + (ai + 03)^2 + (ai + 03)^3 + 2Pi + ... + 2P, C P^, 

where Ai, A2, A3 are coordinate points. 

A complete description of what happens is given by the following result: 

Theorem 2.5: Let ai > 02 > 03 > 1, a G N and V = Ve, be a Segre- Veronese embedding o/P^ x P^ x P^. Then 
has the expected dimension, except for: 

(01,02,03) = (2,2,2), and s = 7; 
(oi, 02, 03) = (2q;, 1, 1), and s = 2q: + 1. 
In these cases is defective, and its defectivity is 2 in the first case and 1 in the second. 

The proof of the Theorem uses the same kind of procedures as Proposition 2.3, but it also makes use of 
the Horace dif ferential method (see [AH]), and its proof is quite long since a lot of different cases have to be 
considered. A complete proof can be found in [CGG3]. 

Corollary 2.6: Let 01,02 > 1, and V = 14i,a2 be the Segre- Veronese {ai,a2)- embedding ofF^ x P^. Then V is 
not Grassman defective, except when (01,02) = (2a, 1), and in this case V is {1,2a) -defective. 

Proof: By Proposition 1.0, this statement is equivalent to Theorem 2.5. 

□ 

3. Other results. 

The correspondence between the dimension oiV^^ and the Hilbert function of a scheme Z made of s generic 
2-fat points in P" (see Corollary 1.2) allows us to deduce results on dimV^^^ from previous results on Segre 
Varieties and from properties of Hilbert funcions. Namely we have (notations as in §1): 

Proposition 3.1: Let Vn,a be a Segre-Veronese variety and s >2 be such that dimV^^ = ns + s — 1 (the expected 
dimension). Then also V^^, has the (same) expected dimension for any b such that bi >ai\/i = 1, ...,t. 

Proof : This is an immediate consequence of Corollary 1.2, since our hypothesis on amounts to say that 
for a generic scheme Z c P"^ x ... x P"* made of s 2-fat points, H{Z, a) = s(n + 1) = lenght Z and this trivially 
implies that H{Z, b) = s(n + 1) = lenght Z for all b such that bi > ai^i = 1, t. 

Prom this follows: 
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Proposition 3.2: Let 1 < ni < n2 < ... < rit, and V = Vn,a be the Segre- Veronese embedding of¥"^ x ...P"*. If 
we are not in the case t = 2, a = (1, 1), then dim = s{ni + ... + nt + 1) — 1 for all s <ni + l. 

Proof : If t > 3, from [CGG2], Proposition 2.3, we have that H{Z, 1) = s(ni + ... + + 1) = lenght Z, so 
we can conclude by Proposition 3.1. 

When t = 2, wc know that for a = (1, 1), V is defective for all 2 < s < ni (e.g. see [CGG2], Proposition 
2.3 again). We will be done if we show that (again by Proposition 3.1), ¥-["2^^ and V2l~^^ are not defective. 

Without loss of generality, we can consider Z such that Supp Z = {Pq, C P"^ x P"^, where Pi is 

the coordinate point associated to the bihomogeneous ideal pi = {xq, ■■■,Xi, ...,Xni;yo, ■■■,yi, ■■■,yn2) '^^ the ring 
k[{xo, ...Xni'tVo, •••52/712]- Let I = pQ (1 ... n p^^ be the ideal associated to Z; since 7 is a monomial ideal (for the 
Pi's are coordinate points), we only need to show that the monomials not in /(i,2) and those not in /(2,i) are 
(ni + l)(?T.i +712 + 1) in number. 

The monomials not in /(i,2) are of two types: 
XiViVj, with i = 0, j = 0, ...,n2 ((ni + l)(n2 + 1) of them); 
XiUj, with i ^ j, both in {0, ...,ni} ((ni + l)ni of them). 

For a total number of (ni + l)(ni +n2 + 1), as requested. 

The monomials not in /(2,i) are of two types: 
XiXjUk, with i 7^ j, both in {0, ni} and k = i or k = j ((ni + l)ni of them); 
xfuj, with i = 0, ...,ni, j = 0, n2 ((ni + l)(n2 + 1) of them). 

For a total number of (ni + l)(ni +712 + 1), as requested. 

□ 

From this result we get immediately the following: 
Corollary 3.3: Let r,k > 1, d > 2, and V be the d-ple (Veronese) embedding of¥^. Then V is not (Grassman) 

{k, s — l)-defective, for s < min{r + 1, fc + 1}. 

Proof: By Proposition 1.0, this statement is equivalent to say that P*" x P'' in the Segre- Veronese embedding of 
bidegree {d, 1) is not (s — l)-defective, hence the results follows from Proposition 3.2. 

□ 

Up to this point in this section we only proved results about Segre- Veronese varieties which are NOT defective. 
What follows is a list of examples of defective varieties; the way one can check the defectivity in all this examples is 
the same: we should have V^^ = P^, but instead it is easy to find a way to split a = b+c = (61, 6t) + (ci, Ct) 
in such a way that there is a form /i of multidegrec (bi, bt) and an /2 of multidcgrce (ci, Ct) passing through 
s generic (simple) points, hence there is at least a form of degree a (namely, /1/2) through s generic 2-fat points 
which was not supposed to exist. 

In the following list we always have m > 1, and we give values s, n, a for which V^^^ is defective: 

Pi X P™, a = (2k, 2), b = c = (fc, 1), fc > 1, s = p(?*±iK!2±i)]; 
p2 X p2, a = (2. 2), c = d = (1, 1), s = 8; 

pi X pi X P™, a = (1, 1, 2), b = (1,0, 1), c = (0, 1, 1), fc > 1, s = 2to + 1; 

pi X pm X p"*, a = (2fc, 1, 1), b = (fc, 1, 0), c = (fc, 0, 1), fc > 1, s = fcm + fc + m; 

pi X P'^ X P™, a = (r + m, 1, 1), b = (r, 1, 0), c = (m, 0,1), s = rm + r + m; 
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pi X pi X P™, a= (2,2,2), b = c = (1,1,1), m < 3, s = 4m + 3; 

p2 xP™ xP™, a= (2,1,1), b= (1,1,0), c= (1,0,1), .s = 3™ + 2; 

pi X pi X p2 X P-\ a = (2,1,1,1), b = (1,1,1,0), c = (1,0,0,1), s = 11; 

pi X pi X pi X p2'"-i, a = (m, 1, 1, 1), b = (to - 1, 1, 1, 0), c = (1, 0, 0, 1), to > 1, s = 4to - 1; 
pi X Pi X Pi X P2™, a = (m, 1, 1, 1), b = (to - 1, 1, 1, 0), c = (1, 0, 0, 1), to > 4, s = 4to - 1. 

Notice that the penultimate case for to = 1 is defective too, but it is not of the same kind of all the others 
{V^ has dimension 13 and not 14); for this example see [CGG 4], Example 2.2. 

Of course from these examples we can derive examples of Grassmann defectivity, again by using Proposition 
1.0; we will just notice what we get from the last two cases: 

Corollary 3.4: Let V be the (m,l,l)-ple (Segre- Veronese) embedding o/pi x P^ x P^. Then V is (Grassman) 
(2m — 1, 4m — 2)-defective. for m > 1 and (2m,, 4m, — 2) -defective, for rn > 4. 

The Corollary shows that the Segre Veronese varieties given by a (2a, 1, l)-embedding of P^ x P^ x P^ are 
both defective (see Theorem 2.5) and Grassmann defective. 

4. PEirtially symmetric tensors. 

Now we want to describe how to interpret our Segre- Veronese embeddings from the point of view of tensors (e.g. 
see [Ge] or [IK] for the Veronese case and [CGG 2] for the Segre case). In order to look at the Veronese variety 
(or i-uple embedding of P'') i/t(P") C P^, A'' = (*+'') one can consider the Segre Variety x ... x P*^), with t 
factors, in P^, M = (r + 1)* — 1, and then consider the action of the symmetric group 5*4 on P*' where, if the 
variables in P^ are {^(i,o,...,o)...,(i,o,...,o)) •••> -2^(o,...,o,i)....(o,...,o,i)}) the action of an element a G St is defined by 

<7'(^(l,0,...,0)...,(l,0,...,0)> ^(0,...,0,1),...(0,...,0,1)) = (^(7((l,0,...,0)...,(l,0,...,0))> ^(7((0,...,0,l),...(0,...,0,l)))- 

The invariant subspace of P^ with respect to this action is actually a linear space = P^, and the linear equations 
which define it give the required symmetries for the tensors parameterized by the points of P''^ . We can view P^ 
as the parameterizing space of all the (r + 1)* tensors, and P^ inside it as the subspace of symmetric ones: then 
the Segre Variety and the Veronese parameterize the rank one (decomposable) tensors. 

Notice that the symmetric tensors of rank one correspond to forms that can be written as powers of linear 
forms. Notice also that when we say that a symmetric tensor has rank one, i.e that it is decomposable, we mean 
that it is decomposable as an element of the Tensor Algebra V <Si ■■■ <SiV = F®* (where P'' = F{V)), not of the 
symmetric algebra Symt(F). 

Consider for example a rational normal curve Ct C P*; we are used to view its ideal as generated by the 2x2 
minors of a 2 x i catalecticant matrix of indeterminates (or also by the 2x2 minors of a different catalecticant 
matrix, see e.g. [Pu]). Prom the point of view above we should look at the ideal of the Segre embedding 14: 
(pi)* — > p2*-i, which is generated by the 2x2 minors of a 2 x 2 x ... x 2 (t times) tensor (e.g. see [Gr] and [Ha]); 
the ideal of Ct comes from the ideal of Vt modulo the symmetry relations (given by the action of the symmetric 
group St on P^ which define a linear space P* in P^ 

This can be thought as a more "complete" way to view those ideals, with respect to the usual way (as given 
by minors of catalecticant matrices) since the tensor represents "more faithfully" their symmetries. 

Now consider e.g. the case t = 3; we can think of "stopping halfway" between the Segre variety V3 (parame- 
terizing 2x2x2 decomposable tensors in P^) and the rational normal curve Ct (which parameterizes decomposable 
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2x2x2 symmetric tensors) by considering the Segre- Veronese embedding V(2,i) of x of degree (2, 1) into 

P^ 

Wc cru consider tlic miction of tlie synimctric group S2 on which, symmetrizes its variables Xijj^^ ^-jji 

fc G 0, 1 

only with respect to i and j. The invariant space for this action is a linear space C P^, and it cuts V3 exactly 
in ^(2,1)- Hence the variety V(2,i) parameterizes 2x2x2 "partially symmetric tensors", i.e. tensors whose entries 
are symmetric only with respect to the first two indeces. 

In general, consider (P'')* = P'' x ... x P'', t times, and its Segre- Veronese embedding K^a, r = (r, ...,r) and 
a = (ai, ...,at), into the space P^. Let a = ai + ... + at, and consider the Segre embedding of (P'')" into P^, 
where M = {r + 1)° — 1. We can view inside P*^ as the space of tensors which are invariant with respect to 
the actions of Sai,---,Sat on the variables of relative indeces. So those are "partially symmetric" tensors (for t = 1 
we get symmetric tensors and Vr^a is the Veronese variety, while for ai = ... = at = 1 they are generic tensors 
and K,a is the Segre embedding of (P^)*). 

So the Segre- Veronese variety K,a, will parameterize the partially symmetric tensors (with respect to the 
actions of Sai,...,Sa^) in P*^ which are decomposable. Since those are the tensors of tensor rank 1 (e.g. see 
[CGG2]), the secant varieties of K,a give the stratification by tensor rank of those partially symmetric tensors. 
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